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This note deals with the improvement of given estimates for the time-decay 
of the solutions over R+ x RS of nonlinear wave equations 
Pu/& - Au + mu + F(x, 24) = 0, m > 0. 
Our main tools are these estimates and some inequalities for the operators 
cos( --d + rn)l& and (--d + m)-1/2 sin( - A + rn)lR, t > 0, which are proved 
in [5, 61. 
We introduce some notations: R+ is the set of all nonnegative reals. 
CFO,(R+, R+) is the set of all continuous mappings from R+ into R+. 
Z+(R3), v = 0, 1, 2 ,..., are the Sobolev spaces of distributions with 
square-integrable derivatives up to the order v. For a Banach-space X 
the symbol CI;,,(R+, X) d enotes the set of all mappings from R+ 
into X with continuous derivatives up to the order v. We will make 
use of the familiar Sobolev inequality 
Here and elsewhere, c denotes a constant. We set 
S(x): = 1;; 
x > 0, 
x d 0. 
We begin with a theorem for integral equations. 
THEOREM 1. Let c be an arbitrary constant. Then the integral 
equation 
a(t) = +- + s:, t“f; 1 ~(4 do> h EJWR+) n Cloe(R+, R+) 
for some q, 1 < q < 2, I WI G 4 t 2 0, 
has a unique solution in L2(R+) n C,O,.(R+, R+). 
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Proof. That there is a unique solution in C&,(R+, R+) is clear. 
Let us consider the transformations 
(‘i”f)(t) = j; &, u).f(u + 1)da f jm K(t, u)f(u) do 
0 
with 
I 
h(u + 1) 
k(t, u) = t-u ’ ta 1, t-1 >u>o, 
0 otherwise, 
d 
K(t, u) = t - u + 1 ’ t 2 1, l>a>O or l>t3ubO, 
0 otherwise. 
Using a well-known inequality, one obtains 
(see [7, Theorem 280, p. 2011). Now we have to be look into the 
question whether T is completely continuous. Let f, --+ f weakly in 
L”(R+). Let E be an arbitrary positive number. We can find a t* 
which does not depend on n such that 
since 
t 
*Is i 1 o t-u+1 )’ ( h(u)12 dtjl”, n 2 n, , 
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where 
)' / ~(u)~%~~"EL~(R+) 
(see [7, p. 2011). On [0, t*] a f amiliar argument works, Fredholm’s 
alternative completes the proof. 
We want to apply our result on nonlinear wave equations. 
THEOREM 2. Assumption I. Let F be a C2-function defined on 
R3 x R x R (possibly complex-valued) with the following properties: 
I qx, 41 < 4 x Ip+l, 
I VF(x, +>)I < dx)(I WPI VWI + I W”+‘>, 
I A+, @>>I < &)(I WN O@>l + 1 WPI VG)l” + I Wlp+l, 
with p > 2, g(x) E Lw(R+) for p > 2 and g(x) E L2(R+) n L”O(R+) for 
p = 2. Here ti denotes an arbitrary C2-function dejked on R3. 
Assumption II. Let 
q E H4(R3) n C,,2(R3), 
I/ E H3(R3) (7 C;(R3). 
Let u : R+ -a L2(R3) b e a mapping with the following properties : 
4.) E C;c,,(R+, L2(R3)), 
i ) $ (.) E CIO,,(R+, H4-“(R”)), v = 0, 1,2, 
u(O) = 93 i 1 g (0) = $4 
d2u 
--Au+mu+F(x,u)=O, 
dt2 m > 0, 
Assumption III. Let 
with E > 0. 
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Conclusion. Then 
Proof. On applying Theorem 5 of [6] and the well-known integral 
equality for the solution of the wave equation, we get, with our 
assumptions, 
< e + j; t _ ,” + 1 %~)ll ~JN~o,~s~ da 
with h E L’J(R+) for some 4 > 2. Theorem [7], 280 shows that 11 u(t)\lco 
lies in L2(R+). Using again the integral equality for the solution 
of the wave equation, we see that 11 z~(t)ll~~~s~) is bounded. On applying 
(**) on Vu(t) instead of u(t) we easily get with Theorem 1 that 
11 Vu(t)llco lies in L2(R+) if p 2 2. Using Theorem 4 in [6] and (*), 
we obtain 
II 4t>ll,o G (1 +& + .I: (t - uc+ 1)3/3 01 WG +))llLq@) 
t II VW-G +411L~cRa) + II 4x, +>)II~~~~~J da. 
From this, Theorem 2 immediately follows in the case p = 2. For 
p > 2, we get 
II 4% G (1 ;t)3,2 + 1: (t - UC+ 1)3/2 II 44l~ do 
with 1 > 6 > 0. The Hausdorff-Young inequality shows that 
jl u(t&o lies in Li+*(R+) and therefore in Li(R+). 
Remark 1. Assumptions II (l), III (2) were just established by 
C. Morawetz and W. A. Strauss for F(x, u) = I u lp-lu, 3 < p” < 5, 
E > 0. Assumption III (2) can be established if F depends in a 
certain way explicitly on x (compare [2]). 
For m = 0 a much sharper result is available. We give an improved 
version of the estimates of W. A. Strauss [3]. 
THEOREM 3. Assumption I’. Let the assumptions I, II be fuljilled 
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with m = 0 and with the exception that in every case g(x) must only 
be bounded. 
Assumption II’. Let 
with an E satisfying l/2 > E > 0. Let 
(5) 
Conclusion. Then 
c 
p z=- 2, 
11 u@)ll@ G 1 l+t’ 
c log@ + 2) t > 0, 
- 1+t ’ p- 2, 
Proof. From the proof of Hilfssatz 1 in [5] it follows that 
11(-W/2 sin(--W2tfIIC0 < 4 II VfllLIfR8, , f E Com(R3), t > 0, (6) 
since 
1 
F s Irl<t If@ + 33 dY < + II Vf IIL’(RS) 
by the Sobolev inequality (*). Using (6), Hilfssatz 4 in [4], we get 
II u(t>ll,ll < * + s:, t - ,” + 1 
1 1 
(0 + I>” us-1 
da 
with E’ > 0 for p > 2 and E’ = 0 for p = 2. Here we applied the 
inequalities 
I 
112 ) u(u)~~Q+~ dx < 
as (u Q1)3/2 ’ 
which follow from (4) and (5). 
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Remark 2. Assumption II was established in [3] for F(x, U) = 
) u I’%, 3 < p” < 5, with arbitrarily small E > 0. 
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